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a b s t r a c t
Initial data for atmospheric multi-scale models need to be adjusted in order to ensure
small amplitudes of high-frequency oscillations. Different adjustment methods lead to
balance conditions in the form of time-independent partial differential systems with
appropriate boundary conditions. One of the issues of such systems is a violation of the
ellipticity conditions in a part of the problemdomain. In this studywepresent the ellipticity
conditions for balance equations based on diagnostic divergence relation with different
levels of complexity and explore the existence of non-elliptic regions in the gridded fields
of the atmospheric analysis data. It is shown that more physically justifiable balance
equations are associated with much sparser and less intensive non-elliptic regions. The
obtained results confirm Kasahara’s assumption that ellipticity conditions are violated
in the actual atmospheric fields essentially due to approximations made under deriving
balance equations.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
The conservation laws of mass, momentum and energy for the Earth’s atmosphere considered in the non-inertial
reference frame rotating with the Earth are expressed in the form of systems of time-dependent partial differential
equations. Depending on the type of atmospheric phenomena considered, these equations are frequently simplified by
making appropriate assumptions, which result in the well-known systems of the shallow water (or barotropic) equations,
hydrostatic (so-called primitive) equations and other intermediate types of equations. Except for very special cases used only
in theoretical studies, simplified systems are still nonlinear partial differential equationswith unknown general solutions. In
particular, in this study we are interested in large-scale atmospheric dynamics modeled by the first of the above mentioned
systems, which maintains the nonlinear multi-scale nature of the original equations. Therefore the only way to obtain
approximate solutions to these systems is computational modeling, which is called numerical weather prediction in the
case of actual weather forecasting.
Numerical solution of time-dependent problems requires a definition of the initial conditions provided (in the case
of weather prediction) by data assimilation schemes based on the initial guess of forecasting model, observational data
and some statistical and diagnostic relations between atmospheric fields. However these initial data may not be well
adjusted dynamically, generating unrealistic fast oscillations of large amplitudes. The so-called initialization is a procedure
successfully applied in various models as a way of controlling spurious high-frequency noise by adjusting the initial
data. The modern initialization techniques include digital filter approach, nonlinear normal mode initialization (NMI), and
bounded derivative method (BDM) [1,7,25,26]. One of the most efficient implementations of NMI is the vertical (or implicit)
initialization, which is equivalent to BDM approach [3,6,21,27,32,33].
The NMI/BDM approaches lead to a system of diagnostic (time-independent) nonlinear partial differential equations
for initial data fields, which is itself a complex system requiring the application of an iterative method for solution. In his
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seminal paper, Daley [10] reviewed the NMImethod and pointed out some problems whose solution may improve both the
performance of initialization and the understanding of the nature of balance for atmospheric fields. The subject of this study
is one of those long-standing problems related to balance relations of the NMI/BDM method and also to simpler balance
equations of the atmosphere reviewed for example in [2]. The problem considered is a violation of the ellipticity condition
in some parts of the solution domain for diagnostic balance equations under the condition of the unchanged pressure field
(so-called pressure constrained initialization). Existence of non-elliptic regions can lead to divergence of iterative
algorithms, which cannot be recovered by switching from one iterative method to another even when the latter has better
convergence properties [9,13,16,17,31].
The study of the ellipticity conditions for balance relations has a longhistory and canbe tracedback to theMonge–Ampère
type ellipticity condition for the famous nonlinear balance equation on the f -plane by Charney [8,22]. A similar ellipticity
conditionwas obtained byHoughton for generalization of the Charney balance equation on the spherical region, stillworking
with the Monge–Ampère type equation [20,22]. Persistent attempts to improve the properties of the pressure constrained
initialization lead to the hypothesis that the non-elliptic regions can be a possible cause for a divergence of iterations
[10,12,15,22]. Themain analytical result confirming this assumptionwas obtained by Tribbia [36] in the spectrally truncated
model of isolated barotropic vorticity on the f -plane. He found a restriction, which must be imposed on the pressure
field for solvability of initialization equations and which is equivalent to the ellipticity condition for the nonlinear balance
equation [36].
With the demonstration of the importance of non-elliptic regions for solvability of different types of balance relations,
the question about the occurrence of such regions in the real atmosphere was raised. Kasahara [22] pointed out that
in the past, the occurrence of non-elliptic regions was considered a result of observational inaccuracies even when the
modifications of pressure fields, made to satisfy ellipticity criterion, produced the changes, which greatly exceeded probable
data errors. However, the experiments performed by Paegle et al. [28,29] and by Kasahara [22] showed that non-elliptic
regions (according to the Charney–Tribbia definition) really exist in the atmosphere. The latter studywas probably themost
convincing at that time due to the use of the most reliable data.
For our study, the most relevant theoretical analyses and discussions on non-elliptic regions and related problems are
presented in [12,22,23,29]. In particular, Kasahara [22] was probably the first who explicitly suggested that the problem
of the ellipticity condition may be the consequence of filtered approximations both in quasi-geostrophic theory and more
sophisticated models. Following this line, different authors [22,23,29,30] proposed to include additional terms, which were
neglected in deriving nonlinear balance relations, in order to recover the ‘‘ellipticity’’ of non-elliptic regions. The new
conditions, called realizability conditions, have essentially reduced the area of non-elliptic regions supporting Kasahara’s
assumption. However, the realizability conditions obtained are not related to any consistent system of balance equations,
because this method consists only of searching the terms of the primitive equations that can be significant for recovering
ellipticity. The only considered ellipticity condition was that obtained by Charney for the nonlinear balance equation.
Recently, new ellipticity criteria were derived for more complex NMI/BDI equations [4,5]. In the case of two-dimensional
dynamics these conditions were obtained for the complete initialization equations without any further simplification. Since
the NMI/BDI systems are based on more physically justifiable assumptions, they contain many terms disregarded in the
nonlinear balance equations. Therefore, if Kasahara’s assumption is correct it may be expected that non-elliptic regions for
new ellipticity conditions will be sparser and less intensive than those of the Charney–Tribbia condition.
In the present study we compare non-elliptic regions related to three different forms of two-dimensional balance
equations on the sphere: the classical balance equation, diagnostic divergence relation (intermediate balance) andNMI/BDM
equations for the shallow water model. In Section 2 we recall the ellipticity condition for the classical balance equation and
derive the ellipticity conditions for the two-dimensional intermediate and NMI/BDM balance equations. A comparison of
extension and intensity of non-elliptic regions in the atmospheric analysis data for different balance relations is presented
in Section 3 followed by concluding remarks in Section 4.
2. Balance equations and ellipticity conditions
In this studywewill restrict our analysis to the case of two-dimensional atmospheric flowswell described by the shallow
water equations. Using time t and spherical coordinates λ (longitude) and ϕ (latitude), these equations can be written as
follows (e.g., [14,37]):
ut − f¯ v + 1a cosϕΦλ = Qu, Qu = −
u
a cosϕ
uλ − va uϕ −
(cosϕ)ϕ u
a cosϕ
v + (f − f¯ ) v, (1)
vt + f¯ u+ 1aΦϕ = Qv, Qv = −
u
a cosϕ
vλ − va vϕ −
(cosϕ)ϕ u
a cosϕ
u− (f − f¯ ) u, (2)
Φt + 1a cosϕ Φ¯
[
uλ + (cosϕ · v)ϕ
] = QΦ, QΦ = − ua cosϕΦλ − vaΦϕ − 1a cosϕ (Φ − Φ¯) [uλ + (cosϕ · v)ϕ] . (3)
Here Φ is the geopotential height with a mean value Φ¯, u and v are the physical components of horizontal velocity with
respect to λ and ϕ, respectively, a is the radius of the Earth (sphere), f = 2Ω sinϕ is the Coriolis parameter with a
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mean value f¯ ,Ω is the angular velocity of the Earth’s rotation, Qu,Qv,QΦ contain all the nonlinear and variable coefficient
terms. Hereinafter the subscripts t, λ, ϕ denote partial derivativeswith respect to the corresponding variable, whereas other
subscripts are used only for indexing.
Our aim is to study some issues of well-posedness of boundary value problems for diagnostic relations used in two-
dimensional atmospheric models under the condition of a given geopotential field. In particular, we are interested in
comparing the ellipticity conditions for more simplified and more complete forms of balance equations.
2.1. Classical balance equation
The nonlinear balance equation of Charney–Houghton is obtained by applying the two-dimensional divergence operator
to (1) and (2), i.e., forming the horizontal divergence equation, and dropping all the terms related to the divergent part of
velocity (e.g., [8,20,22]):
∇2Φ − f∇2ψ = 2 1
a2 cosϕ
(
u˜λv˜ϕ − u˜ϕ v˜λ
)− βu˜− 1
a cosϕ
(
sinϕ
u˜2 + v˜2
a
)
ϕ
. (4)
Here β = 2Ω cosϕ/a,∇2 is the Laplace operator on the Earth surface, i.e.
∇2h = 1
a2 cosϕ
[
1
cosϕ
hλλ +
(
cosϕ · hϕ
)
ϕ
]
(5)
for an arbitrary scalar functionh, and u˜, v˜ are the longitudinal andmeridional components, respectively, of the non-divergent
wind, that is,
u˜ = −ψϕ
a
, v˜ = ψλ
a cosϕ
, (6)
where ψ is the streamfunction.
It is well-known that Eq. (4), when considered for unknown streamfunction with a given geopotential, is a special
case of the Monge–Ampère equation. If this equation is to be solved on a bounded domain D with imposed values of the
streamfunction and its derivatives on boundary ∂D, then the problem iswell posed only if the equation is of elliptic type [18].
To obtain the ellipticity condition for (4) one can apply the general procedure consisting in setting out the terms with
the highest derivatives with respect to ψ
f
a2 cosϕ
(
ψλλ
cosϕ
+ cosϕ · ψϕϕ
)
− 2
a2 cosϕ
(
ψϕλψλϕ
a2 cosϕ
− ψϕϕψλλ
a2 cosϕ
)
− 2 tanϕ
a2
(
ψϕψϕϕ
a2
+ ψλψλϕ
a2 cos2 ϕ
)
and forming the characteristic form in the variables ξ, η by the substitution ψλ ↔ iξψ,ψϕ ↔ iηψ:
ξ 2
(
f
cosϕ
− 2 u˜ϕ
a cosϕ
)
+ η2
(
f cosϕ + 2 v˜λ
a
+ 2sinϕ · u˜
a
)
+ 2ξη
(
u˜λ
a cosϕ
− v˜ϕ
a
− tanϕ · v˜
a
)
.
Then the ellipticity criterion is obtained as the condition of definiteness of the above quadratic form [18]:(
f
cosϕ
− 2 u˜ϕ
a cosϕ
)(
f cosϕ + 2 v˜λ
a
+ 2sinϕ · u˜
a
)
−
(
u˜λ
a cosϕ
− v˜ϕ
a
− tanϕ · v˜
a
)2
> 0. (7)
Using relations (6) and Eq. (4), the last inequality after some algebra can be expressed as follows (e.g., [8,20,22]):
E1 = f 2 + 2∇2Φ + 2βu˜+ 2 u˜
2 + v˜2
a2
> 0. (8)
2.2. Intermediate balance equation
Along with the classical nonlinear balance equation (4), let us consider its generalization obtained by retention of all the
terms in the horizontal divergence equation except for the time derivative:
∇2Φ − f¯ curl2 (u, v) = div2 (Qu,Qv) . (9)
Here u and v are the (full) physical components of velocity, and
curl2 (U, V ) = 1a cosϕ
[
Vλ − (cosϕU)ϕ
]
, div2 (U, V ) = 1a cosϕ
[
Uλ + (cosϕV )ϕ
]
, (10)
for any two-dimensional vector function (U, V ). As opposed to the neglect of all the divergence terms in the balance equation
(4), the horizontal velocity in (9) contains a divergent part. In particular, the divergent part can be zero, in which case (9)
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coincides with (4), or it can be defined by some additional relation or even be extracted from the observed (analysis) data
of wind. (We will see later that this generalization is useful in establishing a connection between different balance relations
and ellipticity criteria.)
This equation is similar to Eq. 1 in [22], but we will not consider in the right-hand side any additional forcing due to
subgrid-scale motions because our aim is to derive the ellipticity condition for (9) that requires an explicit definition of
all terms in (9). Similar equations were also employed in the prognostic balance models, which couple diagnostic balance
relations with prognostic equations [11,24,34,35]. Due to the lack of a uniform terminology in the area, such equations
were called differently in various sources, for example, the name ‘‘generalized balance equation’’ was used in [34,35] and
‘‘nonlinear balance equation’’ in [24].
Since the horizontal velocity in (9) contains a divergent part, its standard decomposition in rotational and divergent parts
has the form
u = 1
a
(
1
cosϕ
χλ − ψϕ
)
, v = 1
a
(
χϕ + 1cosϕψλ
)
,
with the streamfunction ψ and potential function χ satisfying relations
∇2ψ = curl2 (u, v) , ∇2χ = div2 (u, v) . (11)
If Eq. (9) is solved for unknown streamfunction under given geopotential and potential function, then the highest order
derivatives in (9) are
ψλλ
a2 cosϕ
(
f
cosϕ
− 2 uϕ
a cosϕ
)
+ ψϕϕ
a2 cosϕ
(
f cosϕ + 2vλ
a
+ 2sinϕ · u
a
)
+ 2ψλϕ
a2 cosϕ
(
uλ
a cosϕ
− vϕ
a
− tanϕ · v
a
)
and proceeding in a similar way as was proceeded for the classical balance equation we obtain the following characteristic
form:
ξ 2
(
f
cosϕ
− 2 uϕ
a cosϕ
)
+ η2
(
f cosϕ + 2vλ
a
+ 2sinϕ · u
a
)
+ 2ξη
(
uλ
a cosϕ
− vϕ
a
− tanϕ · v
a
)
.
For Eq. (9) to be elliptic, the last quadratic form should be positive or negative definite, which gives the following ellipticity
condition
E2 =
(
f
cosϕ
− 2 uϕ
a cosϕ
)(
f cosϕ + 2vλ
a
+ 2sinϕ · u
a
)
−
(
uλ
a cosϕ
− vϕ
a
− tanϕ · v
a
)2
> 0. (12)
It is evident that (12) is a generalization of (7) for the case of a divergent wind field: if the given potential function is zero,
then (12) transforms to (7) with u˜, v˜ instead of u, v.
2.3. NMI/BDM balance equations
The NMI/BDM systems have a more complex structure and contain a set of equations. For the shallow water equations
on a sphere, the system contains two equations that can be written as follows (e.g., [6,7,32]):
∇2Φ − f¯ curl2 (u, v) = div2 (Qu,Qv) , (13)(
Φ¯∇2 − f¯ 2) (div2 (u, v)) = ∇2QΦ − f¯ curl2 (Qu,Qv) , (14)
where u and v are the (full) physical components of velocity. Note that the first equation coincides with (9).
Since the system (13)–(14) contains three unknown functions u, v and Φ , it admits different closure conditions. In this
study we will consider only the closure
Φ = Φ0, (15)
i.e., geopotential constrained initialization. The nonlinear system of partial differential equations (13)–(14) with the closure
(15) can form a well-posed boundary value problem if it is elliptic.
The most general definition of ellipticity for differential systems was introduced by Douglis and Nirenberg (e.g., [19,38]).
The ellipticity is defined by definiteness of the characteristic determinant, which includes all the highest order derivatives
for each unknown function separately in the first and second equations. To construct this determinant, first the principal
operators should be written down:
D11 = ψλλ
(
f
cosϕ
− 2 uϕ
a cosϕ
)
+ ψϕϕ
(
f cosϕ + 2vλ
a
+ 2sinϕ · u
a
)
+ 2ψλϕ
(
uλ
a cosϕ
− tanϕ · v
a
− vϕ
a
)
,
D12 = −χλλλ ua cos2 ϕ − χλλϕ
v
a cosϕ
− χλϕϕ ua − χϕϕϕ
v cosϕ
a
,
D21 =
(
Φϕ
a2
− f¯ u
a
)(
ψλλλ
cos2 ϕ
+ ψλϕϕ
)
+
(
−Φλ
a2
− f¯ v cosϕ
a
)(
ψλλϕ
cos2 ϕ
+ ψϕϕϕ
)
,
D22 = Φa2 cosϕ
(
χλλλλ
1
cos2 ϕ
+ 2χλλϕϕ + χϕϕϕϕ cos2 ϕ
)
.
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Here eachDij states for the highest order derivatives of the j-th unknown function in the i-th equation (ordering Eqs. (13) and
(14) as the first and second and unknown functions in the sequence ψ and χ ). Then the characteristic matrix is composed
by the substitution ψλ ↔ iξψ,ψϕ ↔ iηψ:
A =
(
A11 A12
A21 A22
)
,
A11 = −ξ 2
(
f
cosϕ
− 2 uϕ
a cosϕ
)
− η2
(
f cosϕ + 2vλ
a
+ 2sinϕ · u
a
)
− 2ξη
(
uλ
a cosϕ
− tanϕ · v
a
− vϕ
a
)
,
A12 = iξ 3 ua cos2 ϕ + iξ
2η
v
a cosϕ
+ iξη2 u
a
+ iη3 v cosϕ
a
,
A21 =
(
Φϕ
a2
− f¯ u
a
)( −iξ 3
cos2 ϕ
− iξη2
)
+
(
−Φλ
a2
− f¯ v cosϕ
a
)(−iξ 2η
cos2 ϕ
− iη3
)
,
A22 = Φa2 cosϕ
(
ξ 4
1
cos2 ϕ
+ 2ξ 2η2 + η4 cos2 ϕ
)
.
The system (13)–(14) is elliptic in the sense of Douglis–Nirenberg, if there are integers s1, s2, t1, t2 such that order
(
Aij
) ≤
si + tj, and if det A 6= 0 for all (ξ , η) 6= (0, 0). The first condition is readily satisfied, for example, for s1 = 1, s2 = 2, t1 =
1, t2 = 2. The second condition can be reduced after some algebra to definiteness of the following quadratic form:
Φ
[
ξ 2
(
f
cosϕ
− 2 uϕ
a cosϕ
)
+ η2
(
f cosϕ + 2vλ
a
+ 2sinϕ · u
a
)
+ 2ξη
(
uλ
a cosϕ
− tanϕ · v
a
− vϕ
a
)]
−
[(
f u¯− Φϕ
a
)
ξ +
(
f¯ v cosϕ + Φλ
a
)
η
] [
u
cosϕ
ξ + vη
]
.
Finally, the definiteness condition of the last form can be expressed as follows:
Φ2 · E3 =
[
Φ
(
f
cosϕ
− 2 uϕ
a cosϕ
)
− u
a cosϕ
(
f¯ au− Φϕ
)]
×
[
Φ
(
f cosϕ + 2vλ
a
+ 2sinϕ · u
a
)
− v
a
(
f¯ av cosϕ + Φλ
)]
−
[
Φ
(
uλ
a cosϕ
− vϕ
a
− tanϕ · v
a
)
− u
2a cosϕ
(
f¯ a cosϕ + Φλ
)− v
2a
(
f¯ au− Φϕ
)]2
> 0. (16)
A similar ellipticity condition was first obtained in arbitrary orthogonal coordinates in [5].
It can be noted that another intermediate balance relation can be obtained from (13)–(14) retaining only the principal
terms for large-scale atmospheric processes in (14), which becomes the decoupled equation for potential function:(
Φ¯∇2 − f¯ 2)∇2χ = 0. (17)
In this case the separate equation (13) coincides with (9) and it is easy to figure out that the ellipticity condition for the
system (13), (15) and (17) is given by inequality (12). In fact, condition (17) is just one of the possible definitions for the
potential function. Since for any given function χ the ellipticity condition for (9) has the form (12), it is also true for χ found
from (17) with arbitrary boundary conditions imposed.
It isworthmentioning that the diagnostic divergence equation (9) enters in all the presented balance relations (frequently
applied in atmospheric sciences): the classical balance relation is Eq. (9) with the additional assumption of non-divergent
velocity, the intermediate balance is given by (9) with some additional supposition on the divergent part, for example like
(17), and the BDM/NMI balance includes Eq. (9) coupledwith another condition on the velocity field. Similarly, the ellipticity
condition (12) for the diagnostic divergence Eq. (9) can be simplified to (7) for non-divergent wind and it is included in the
more complex criterion (16), which is equivalent to (12) up to small terms in the case of large-scale atmospheric processes.
3. Analysis of distribution of non-elliptic regions
In this section, the non-ellipticity patterns in the daily gridded data of the NCEP (National Centers for Environmental
Prediction) analysis are explored according to the three characteristics of ellipticity E1, E2 and E3 (formulas (8), (12) and
(16), respectively). The global NCEP analysis is available on a spherical grid with regular latitude/longitude resolution of
1 degree and 26 vertical pressure levels. The results presented here are restricted to the data for 0000 GMT 05 November
2005 at the 500 hPa pressure level located in the middle troposphere and corresponding more closely to the assumptions of
the two-dimensional shallow water flows. The meteorological elements used are the longitudinal and meridional velocity
components u and v, and the geopotentialΦ .
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Fig. 1. Distribution of the non-elliptic regions according to measure E1 at the 500 hPa pressure level.
60N
30N
30S
60S
EQ
0 60E 120E 60W120W180 0
Fig. 2. Same as in Fig. 1, except for measure E2 .
Figs. 1–3 show the global geographical distribution of ellipticitymeasures E1, E2 and E3 at the chosen pressure surface. To
avoid the ’’noisy’’ maps, only non-elliptic regions are plotted. Contour intervals are 400×10−10 s−2 for E1 and 8×10−10 s−2
for E2 and E3. Formulas (6) were used to calculate the components of the non-divergent wind used for the classical ellipticity
criterion (8), where the streamfunction is found from the Poisson equation∇2ψ = ζ and the relative vorticity in the right-
hand side is defined by the first formula in (10).
The following general features in distribution of the non-elliptic regions can be noted. The non-elliptic regions mostly
appear in the tropics and subtropics, though there are some non-elliptic regions in the middle and high latitudes as well,
especially for measure E1 (Fig. 1). The geographical distribution of the non-elliptic regions in each band of latitudes (the
tropics, subtropics, middle and high latitudes) appears to be almost random (Figs. 1–3). Comparing different measures of
non-ellipticity, it is evident that the non-ellipticity according to E1 is much stronger and cover a much greater area than that
of measures E2 and E3. In terms of the area covered, the non-elliptic regions occupy about 48% of the total area of the Earth’s
surface for measure E1, while for measures E2 and E3 these regions amount to 16% and 15%, respectively.
As it was pointed out by different researchers (e.g., [22,23,29]), an area average of the ellipticity measure is another
important index for examining the nature of non-elliptic regions. In Fig. 4 the longitudinal averages of negative values for
measures E1, E2 and E3 are shown. In these figures the measure values are scaled by 10−10, the solid line is used for E1, the
dotted for E2 and the dashed for E3. Evidently, the average negative values of E1 are much greater than the values of E2 and
E3. The difference between the last two lines is practically invisible when compared with E1.
In order to specify and compare the features of the latitudinal distribution of the ellipticity according to E2 and E3, three
following figures (Figs. 5–7) show the longitudinal average characteristics separately for E2 and E3: Figs. 5 and 6 show the
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60N
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Fig. 3. Same as in Fig. 1, except for measure E3 .
Fig. 4. The longitudinal averages of negative values for measures E1, E2 and E3 at the 500 hPa pressure level as functions of latitude. The solid line is for
E1 , the dotted for E2 and the dashed for E3 .
overall and negative part averages along each latitude (scaled by 10−10), while Fig. 7 shows the overall area of negative
regions (in per cent of the total area). Distributions for both measures are very similar with the overall positive ellipticity
on all latitudes and with negative regions concentrated mostly in the tropical and subtropical zones, having negative values
clustered near a border line between negative and positive values. Overall, only about 15% of the Earth’s surface is covered
by negative regions of measures E2 and E3 on the 500 hPa level.
We can note great similarity between the results for measures E1, E2 and E3 presented in this section and those obtained
for the realizability conditions by Kasahara [22] and Knox [23]. One of the common aims of these studieswas to find physical
mechanisms and respective additional terms in the full atmospheric equations, which can reduce the non-elliptic regions
of the classical nonlinear balance equation. This was performed in all the above studies by formulating new conditions that
agree with analysis data better than the classical non-ellipticity criterion. Indeed, like the realizability conditions in [22,
23], measures E2 and E3 recover ellipticity in most part of the non-elliptic regions of measure E1 and strongly decrease the
remaining negative values bringing them almost to zero threshold. Moreover, the remaining areas of the negative ellipticity
according to measures E2 and E3 are confined to the tropic-subtropic zone just like for the realizability conditions. The main
difference between new ellipticity conditions and realizability criterions is that the former are based on more complex
and physically justifiable equations of the balance theory, while the latter apply a separate analysis of the contribution
of individual terms without connecting them to any consistent system of balance equations. It should be also noted that
further reduction of non-ellipticity from condition (12) to (16) is very small, which agrees with the comment made in the
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Fig. 5. The longitudinal averages separately for measures E2 and E3 at the 500 hPa pressure level as functions of latitude. The dotted line is for E2 and the
dashed for E3 .
Fig. 6. Same as in Fig. 5, except for only negative values.
last paragraph of Section 2 that ellipticity conditions E2 and E3 are very close for large-scale atmospheric motions. Since
the used analysis data on spherical grid with resolution of 1 degree reflect mainly large-scale atmospheric dynamics, the
obtained computational results just confirm the above observation.
The results for the ellipticity and realizability conditions show a similar tendency of recovering positive ellipticity for
more complete and physically justifiable systems. Therefore, the results on the realizability conditions for three-dimensional
equations obtained by Kasahara [22] and Knox [23] (and also by Randel [30] for stratosphere data) suggest that further
decreasing the non-ellipticity can be achieved only by working with even more complete (justifiable) balance relations
for three-dimensional atmospheric dynamics (dropping suppositions of the shallow water approximation). Unfortunately
ellipticity conditions for such three-dimensional systems are for now out of our reach.
4. Conclusions
The three types of the nonlinear balance equations connected by the diagnostic divergence equation are considered and
respective ellipticity conditions for pressure constrained initialization are presented. The gridded data of the global analysis
of atmospheric fields are explored in order to detect non-elliptic regions in accordance with each of the obtained ellipticity
criterions. It is shown that the most simplified and less accurate classical nonlinear balance equation generates extensive
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Fig. 7. The area covered by negative values of measures E2 and E3 at the 500 hPa pressure level.
and in some places strong non-elliptic regions in the middle troposphere, while the more justifiable and complex balance
systems such as the NMI/BDM equations essentially reduce the area and intensity of non-ellipticity. For the last systems,
non-elliptic regions are confined to the tropic-subtropic zone and have similar characteristics to those of the realizability
conditions. The obtained results confirm Kasahara’s hypothesis that the occurrence of non-elliptic regions has a physical
nature and is related to simplifications made in deriving balance relations.
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